
REDUCED ORDER KALMAN FILTER
Derivation and simulation

Jiayi Su
May 1st, 2023

Consider the following system:[
x1,k+1

x2,k+1

]
=

[
A11 A12

A21 A22

] [
x1,k

x2,k

]
+

[
v1,k
v2,k

]
(1)

yk =
[
I 0

] [x1,k

x2,k

]
(2)

where

v1,k ∼ N(0, V1)

v2,k ∼ N(0, V2)

equation (1) can be re-written as

x1,k+1 = A11x1,k + A12x2,k + v1,k (3)

x2,k+1 = A21x1,k + A22x2,k + v2,k (4)

the reduced order state estimate x̂2,k+1 can be written as

x̂2,k+1 = A21x1,k + A22x̂2,k +K(x1,k+1 − A11x1,k − A12x̂2,k)

= (A22 −KA12)x̂2,k + (A21 −KA11)x1,k +Kx1,k+1

(5)

based on equation (4) and (5), estimation error ex2,k+1 can be written as

ex2,k+1 = x2,k+1 − x̂2,k+1

= A21x1,k + A22x2,k + v2,k − (A22 −KA12)x̂2,k − (A21 −KA11)x1,k −Kx1,k+1

= KA11x1,k −Kx1,k+1 + A22x2 + v2,k − (A22 −KA12)x̂2,k

(6)

substitute equation (3) into equation (6)

ex2,k+1 = KA11x1,k −K(A11x1,k + A12x2,k + v1,k) + A22x2 + v2,k − (A22 −KA12)x̂2,k

= −KA12x2,k −Kv1,k + A22x2 + v2,k − (A22 −KA12)x̂2,k

= (A22 −KA12)x2,k − (A22 −KA12)x̂2,k −Kv1,k + v2,k

= (A22 −KA12)ex2,k −Kv1,k + v2,k

(7)

x2‘s estimation error covariance can be found using the Riccati equation

Pk+1 = (A22 −KA12)Pk(A22 −KA12)
T + V2 +KV1K

T (8)

in the form
Pk+1 = (A−KC)TPk(A−KC) + V +KWKT (9)

so
Kk = APkC

T (CPkC
T +W )−1 (10)
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in this csae
Kk = A22PkA

T
12(A12PkA

T
12 + V1)

−1 (11)

Practical consideration: since we don’t know what x1,k+1 is at time k, instead of solving

x̂2,k, we introduce X̂k = x̂2,k −Kx1,k

in this csae

X̂k+1 = x̂2,k+1 −Kx1,k+1

= (A22 −KA12)x̂2,k + (A21 −KA11)x1,k +Kx1,k+1 −Kx1,k+1

= (A22 −KA12)x̂2,k + (A21 −KA11)x1,k

= (A22 −KA12)X̂k + [(A22 −KA12)K + A21 −KA11]x1,k

(12)

after solving X̂k, x̂2,k can be found from

x̂2,k = X̂k +Kx1,k (13)

In terms of the steady-state solution, we can find the constant Kalman gain by solving
Algebric Riccati equation. For the nearly constant velocity (NCV) model, since we have
A11 = D1 (D means diagonal), A12 = I, A21 = 0, A22 = D2, the Algebric Riccati equation
can be represented as

P = D2PDT
2 −D2P (P + V1)

−1PDT
2 + V2 (14)

Constant Kalman gain is
K = D2P (P + V1)

−1 (15)

state estimation equation is

X̂k+1 = (D2 −K)X̂k + [(D2 −K)K −KD1]x1,k (16)

Finally, x̂2,k can be found from

x̂2,k = X̂k +Kx1,k (17)
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1 clear all

2 close all

3 clc

4
5 maxT =2000; % max sim time

6
7 x = zeros(4,maxT); % save results

8
9 % initial position , velocity

10 x(:,1) = [0;

11 5;

12 0;

13 7];

14
15
16 T = 1; % sampling time

17
18
19 A = [0.95 0 T 0; %x -> position information

20 0 0.95 0 T; %y

21 0 0 1 0; %x_dot

22 0 0 0 1];%y_dot

23
24 A11 = A(1:2 ,1:2);

25 A12 = A(1:2 ,3:4);

26 A21 = A(3:4 ,1:2);

27 A22 = A(3:4 ,3:4);

28
29 % F = [T^2/2 0;

30 % T^2/2 0;

31 % 0 T;

32 % 0 T];

33
34 C = [1 0 0 0;

35 0 1 0 0];

36
37 G = [1 0;

38 0 1];

39
40 % state noise covariance matrix

41 V1 = [0.85 0;

42 0 0.3];

43
44 V2 = [0.4 0;
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45 0 0.6];

46
47
48 % % measurement noise covariance matrix

49 % W = [0.28 0;

50 % 0 0.65];

51
52
53 for k = 1:maxT , % simulate model

54 x(:,k+1) = A*x(:,k) + [V1*randn (2,1); V2*randn (2,1)];

55 y(:,k) = C*x(:,k);

56 end

57
58
59 t = 1:maxT +1;

60
61 % figure ,

62 % plot(x(1,:),x(2,:), 'Linewidth ', 2)

63 % title('x1 vs x2 ')
64
65 % figure ,

66 % plot(t, x(3,:) ,'Linewidth ', 2)

67 % title('speed , x3 ')
68 %

69 % figure ,

70 % plot(t,x(4,:) ,'Linewidth ', 2)

71 % title('speed , x4 ')
72
73 %%

74 % reduced order Kf

75 P(:,:,1) = 10* eye(2);

76 S_x_hat (:,1) = [1; 2];

77
78 for k = 1:maxT , % simulate model

79 K = A22*P(:,:,k)*A12 '*inv(A12*P(:,:,k)*A12 ' + V1);

80 S_x_hat(:,k+1) = (A22 - K*A12)*S_x_hat(:,k) + ((A22 - K*A12

)*K + A21 - K*A11)*x(1:2,k);

81 P(:,:,k+1) = (A22 - K*A12)*P(:,:,k)*(A22 - K*A12)' + V2 + K

*V1*K';
82 x2_hat(:,k+1) = S_x_hat(:,k+1) + K*x(1:2,k);

83 end

84
85
86 figure ,

87 plot(t, x(3,:),'Linewidth ', 2)
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88 hold on

89 plot(t, x2_hat (1,:),':','Linewidth ', 2)

90 title('x3 vs x3 hat , reduced order Kf')
91
92 figure ,

93 plot(t,x(4,:),'Linewidth ', 2)

94 hold on

95 plot(t, x2_hat (2,:),':','Linewidth ', 2)

96 title('x4 vs x4 hat , reduced order Kf')
97
98
99 %%

100 % full order Kf

101
102 P_full (:,:,1) = 10*eye(4);

103 x_hat (:,1) = [1; 2; 3; 4];

104
105 for k = 1:maxT , % simulate model

106 K_full = A*P_full(:,:,k)*C'*inv(C*P_full(:,:,k)*C');
107 x_hat(:,k+1) = A*x_hat(:,k) + K_full *(y(:,k) - C*x_hat(:,k)

);

108 P_full(:,:,k+1) = A*P_full(:,:,k)*A' + blkdiag(V1,V2) -

K_full*C*P_full(:,:,k)*A';
109 end

110
111
112 % figure ,

113 % plot(t, x(1,:) ,'Linewidth ', 2)

114 % hold on

115 % plot(t, x_hat (1,:) ,':','Linewidth ', 2)

116 % legend('x1 ','x1 hat ')
117 % title('x1 vs x1 hat , full order Kf ')
118 %

119 % figure ,

120 % plot(t,x(2,:) ,'Linewidth ', 2)

121 % hold on

122 % plot(t, x_hat (2,:) ,':','Linewidth ', 2)

123 % legend('x2 ','x2 hat ')
124 % title('x2 vs x2 hat , full order Kf ')
125
126
127 figure ,

128 plot(x(1,:),x(2,:),'Linewidth ', 2)

129 hold on

130 plot(x_hat (1,:), x_hat (2,:),':','Linewidth ', 2)
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131 legend('traj','traj hat')
132 title('traj vs traj hat , full order Kf')
133
134
135 figure ,

136 plot(t,x(3,:),'Linewidth ', 2)

137 hold on

138 plot(t, x_hat (3,:),':','Linewidth ', 2)

139 legend('x3','x3 hat')
140 title('x3 vs x3 hat , full order Kf')
141
142 figure ,

143 plot(t,x(4,:),'Linewidth ', 2)

144 hold on

145 plot(t, x_hat (4,:),':','Linewidth ', 2)

146 legend('x4','x4 hat')
147 title('x4 vs x4 hat , full order Kf')
148
149 error_reduced_x3 = abs(x(3,:) - x2_hat (1,:));

150 error_full_x3 = abs(x(3,:) - x_hat (3,:));

151
152 error_reduced_x4 = abs(x(4,:) - x2_hat (2,:));

153 error_full_x4 = abs(x(4,:) - x_hat (4,:));

154
155 figure ,

156 plot(t,error_reduced_x3 ,'Linewidth ', 2)

157 hold on

158 plot(t, error_full_x3 ,':','Linewidth ', 2)

159 legend('x3 reduced order error ','x3 full order error')
160 title('x3 reduced vs x3 full , mean square error ')
161
162 figure ,

163 plot(t,error_reduced_x4 ,'Linewidth ', 2)

164 hold on

165 plot(t, error_full_x4 ,':','Linewidth ', 2)

166 legend('x4 reduced order error ','x4 full order error')
167 title('x4 reduced vs x4 full , mean square error ')
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