REDUCED ORDER KALMAN FILTER Jiayi Su
Derivation and simulation May 1st, 2023

Consider the following system:
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where

Ul,k i N(O; ‘/1)
Vo ~ N(0,V3)

equation (1) can be re-written as
11 = Anxig + Arao g + Ui (3)

To g1 = Ao1x1 g + Ao + Vo (4)

the reduced order state estimate %341 can be written as

Topy1 = Ao1@1p + AgoZop + K (21 k11 — Az — Aradoy)
= (Ago — KA19)Toy + (A — KAz ) + K2y g

based on equation (4) and (5), estimation error e,, 41 can be written as

Cao k1l = T2 i1 — L2t 1
= A1y p + Aooxog + Vo — (Ase — KA12)Toy — (Aoy — KA1 z1 ) — K141 (6)
= KAz, — K2y g + Agoxo + Vg — (Age — K A12) oy,

substitute equation (3) into equation (6)

Cagiir1 = KANT1 ) — K(Anxy g, + A1oZap + Vi) + Aso + Vo — (Aoo — K A19)Tg
= —KApxo, — Kvy 4+ Agoxo + vo g — (Agg — KAj9)To g
= (Age — KAp9)xo ) — (Asa — KA19)To — Kvyj + Vo g
= (Age — KAjs)eg, ) — Kvy o+ va g

xo's estimation error covariance can be found using the Riccati equation

Piy1 = (Agy — KA19)Pi(Agy — KAp)' + Vo + KVIKT (8)
in the form
Py =(A—KCO)Y'P(A-—KC)+V + KWKT (9)
SO
K, = APCT(CP,CT + W)™ ! (10)
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in this csae
Ky = Ap P Al (A1 P AT, + V1) 7! (11)

Practical consideration: since we don’t know what 1 ;44 is at time k, instead of solving
T, we introduce 2y = Lo — Ky ),
in this csae

«/ggkﬂ = f2,k+1 - Kﬂfl,kﬂ
= (Age — KA19)To g + (Ao — KA )z + K2y i1 — K2y o

N 12
= (Ago — KA13)Za + (An — KA1 (12)
= (Ayp — KA12>f%>k + [(Aga — KA19) K + Ay — KAy ]z

after solving %, Zo,, can be found from
Top = Zi + Ky (13)

In terms of the steady-state solution, we can find the constant Kalman gain by solving
Algebric Riccati equation. For the nearly constant velocity (NCV) model, since we have
Ay = Dy (D means diagonal), Ajp = I, Ay = 0, Ayy = Do, the Algebric Riccati equation
can be represented as

P = DyPD! — D,P(P+ V) 'PDI +V, (14)
Constant Kalman gain is
K = D,P(P+ V)™ (15)
state estimation equation is
L1 = (Dy — K)Zi, + [(Dy — K)K — KDy (16)

Finally, 25 can be found from

Top = P+ Kz, (17)
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clear
close
clc

maxT=2

X =

% initial position,

x(:,1)
T = 1,;
A = [0
0
0
0
All =
A12 =
A21 =
A22 =
% F =
yA
YA
YA
c =11
0
G = [1

all
all

000;

zeros (4 ,maxT); Y%

= [O;
5;
0;
7]
% sampling
.95 0 T
0.95 0
0 1
0 0
A(1:2,1:2);
A(1:2,3:4);
A(3:4,1:2);
A(3:4,3:4);
[T~2/2 0;
T°2/2 0;
0 T;
0 T1;
0 0 0;
1 0 0];
0;
1]1;

% max sim time

save results

velocity

time

%x -> position information
by
%hx_dot

;hy_dot

o v

_ O +H O

—_ ..
-

% state noise covariance matrix

Vi = [0.85 0;
0 0.3];
V2 = [0.4 0;
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0 0.6];
% % measurement noise covariance matrix
% W = [0.28 0;
% 0 0.65];
for k = 1:maxT, % simulate model
x(:,k+1) = A*xx(:,k) + [Vi*randn(2,1); V2*xrandn(2,1)];
y(:,k) = Cxx(:,k);
end
t = 1:maxT+1;
% figure,
% plot(x(1,:),x(2,:), 'Linewidth', 2)
% title('xl vs x2')
% figure,
% plot(t, x(3,:),'Linewidth', 2)
% title('speed, x3')
yA
% figure,
% plot(t,x(4,:),'Linewidth', 2)
% title('speed, x4')
YA
% reduced order Kf
P(:,:,1) = 10*xeye(2);
S_x_hat(:,1) = [1; 2]1;
for k = 1:maxT, % simulate model
K = A22*P(:,:,k)*A12"'*xinv (A12*xP(:,: ,k)*A12"' + V1);
S_x_hat(:,k+1) = (A22 - K*A12)*S_x_hat(:,k) + ((A22 - KxA12
)*¥K + A21 - K*xA11)*x(1:2,k);
P(:,:,k+1) = (A22 - K*xA12)*P(:,:,k)*(A22 - K*A12)' + V2 + K
*V1xK';
x2_hat(:,k+1) = S_x_hat(:,k+1) + K*x(1:2,k);
end
figure,

plot(t, x(3,:),'Linewidth', 2)
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hold on
plot(t, x2_hat(1l,:),':','Linewidth', 2)
title('x3 vs x3 hat, reduced order Kf')

figure,

plot(t,x(4,:), 'Linewidth', 2)

hold on

plot(t, x2_hat(2,:),':"','Linewidth', 2)

title('x4 vs x4 hat, reduced order Kf')
Dot
% full order Kf

P_full(:,:,1) = 10xeye(4);
x_hat(:,1) = [1; 2; 3; 4];

for k = 1:maxT, % simulate model
K_full = A*xP_full(:,: ,k)*C'*inv(C*xP_full(:,:,k)*C"');
x_hat (:,k+1) = A*x_hat(:,k) + K_fullx*(y(:,k) - Cxx_hat(:,k)
);
P_full(:,:,k+1) = A*xP_full(:,:,k)*A' + blkdiag(V1i,V2) -
K_full*C*xP_full(:,:,k)*A";
end
% figure,
% plot(t, x(1,:),'Linewidth', 2)
% hold on
% plot(t, x_hat(1,:),':','Linewidth', 2)

% legend('x1l','xl hat')
% title('xl vs x1 hat, full order Kf')

yA

% figure,

% plot(t,x(2,:),'Linewidth', 2)

% hold on

% plot(t, x_hat(2,:),':','Linewidth', 2)

% legend('x2','x2 hat')
% title('x2 vs x2 hat, full order Kf')

figure,

plot(x(1,:),x(2,:),'Linewidth', 2)

hold on

plot(x_hat(1,:), x_hat(2,:),':"', 'Linewidth', 2)
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legend('traj','traj hat')
title('traj vs traj hat, full order Kf')

figure,

plot(t,x(3,:), 'Linewidth', 2)

hold on

plot(t, x_hat(3,:),':"','Linewidth', 2)

legend('x3','x3 hat')
title('x3 vs x3 hat, full order Kf')

figure,

plot(t,x(4,:),'Linewidth', 2)

hold on

plot(t, x_hat(4,:),':','Linewidth', 2)

legend('x4','x4 hat')
title('x4 vs x4 hat, full order Kf')

error_reduced_x3 = abs(x(3,:) - x2_hat(1,:));
error_full_x3 = abs(x(3,:) - x_hat(3,:));

error_reduced_x4 = abs(x(4,:) - x2_hat(2,:));
error_full_x4 = abs(x(4,:) - x_hat(4,:));

figure,

plot (t,error_reduced_x3,'Linewidth', 2)

hold on

plot(t, error_full_x3,':','Linewidth', 2)

legend ('x3 reduced order error','x3 full order error')

title('x3 reduced vs x3 full, mean square error')

figure,

plot (t,error_reduced_x4,'Linewidth', 2)

hold on

plot(t, error_full_x4,':','Linewidth', 2)

legend('x4 reduced order error','x4 full order error')

title('x4 reduced vs x4 full, mean square error')




